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SOME NOTES ON THE LE NUMBERS
IN THE FAMILY OF LINE SINGULARITIES

GRZEGORZ OLEKSIK AND ADAM ROZYCKI

ABSTRACT. In this paper we introduce the jumps of the Lé numbers of non-
isolated singularity f in the family of line deformations. Moreover, we prove
the existence of a deformation of a non-degenerate singularity f such that
the first Lé number is constant and the zeroth Lé number jumps down to
zero. We also give estimations of the Lé numbers when the critical locus is
one-dimensional. These give a version of the celebrated theorem of A. G.
Kouchnirenko in this case.

1. INTRODUCTION

The most important topological invariant associated with a complex analytic
function f with an isolated singularity at 0, is its Milnor number at 0. It is well
known that this invariant is upper-semicontinuous in the family of singularities.
Therefore it allows to define the jump of the Milnor number as the minimum
non-zero difference p(f) — u((ft)), where (f;) is a deformation of f. S. Guzein-
Zade [6] and A. Bodin [1] began the research devoted to this notion. In the papers
[2,7,8,17] authors computed the jump of the Milnor number in the different classes
deformations.

If f has a non-isolated singularity at 0, the Milnor number can not be defined.
But there exist some numbers called L.é numbers, which play a similar role to the
Milnor number in the isolated case. These numbers were defined by D. Massey
(see [13-15]). Roughly speaking they describe a handle decomposition of the Mil-
nor fibre (see [15, Theorem 3.3]). We recall that families with constant Lé numbers
satisfy remarkable properties. For example, in [14], Massey proved that under ap-
propriate conditions the diffeomorphism type of the Milnor fibrations associated
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with the members of such family is constant. In [5], J. Ferndndez de Bobadilla
showed that in the special case of families of 1-dimensional singularities, the con-
stancy of Lé numbers implies the topological triviality of the family at least if
n > 5.

Analogously as the Milnor number, the tuple of the Lé numbers has upper-
semicontinuity property in the lexicographical order. Therefore, it is possible to
distinguish two types of jumps. The first is the jump up of the tuple of the Lé
numbers and the second is the jump up of the Lé number )\‘Jip)z(O), where d is
a dimension of the critical locus.

In general, the Lé numbers are not topological invariants. However, it turns out
that in the family of aligned singularities they are topological invariants (see [15,
Corollary 7.8]). In the paper we focus our attention on the class of line singularities
(see definition 5.1). It is the simplest class of aligned singularities. In the paper we
consider deformations mainly in this class. Our main theorem (Theorem 5.3) guar-
antees the existence of a deformation (f;) of a non-degenerate singularity f = fo
with A} (0) > 0, such that A}, .(0) =0 and A(;,.(0) = A} (0). In terms of
a handle decomposition of the Milnor fibre it means that handles of the highest
dimension disappear and others remains unchanged (see Remark 5.4).

Using Theorem 5.3 we introduce the minimal jump of the tuple of Lé numbers.
In this class we can interpret the jump of the tuple of Lé numbers as a measure of
“nearness” of the cycles (see Remark 5.8). Moreover, we show the interesting fact
that there exists f such that the minimal jump of )\172(0) is greater then one (see
Proposition 5.11). What is surprising, in the class of line singularities /\(},Z(O) #1
(see Proposition 5.9). From this fact and Example 5.10 it follows that the “minimal
jump” of )\072(0) is greater then one.

In the last section we give estimations of Lé numbers in terms of the Newton
diagram when the critical locus is one-dimensional (see Theorem 6.1). This is
a generalization of the Kouchnirenko theorem in this case.

2. PRELIMINARY

Lé numbers are intersection multiplicity of certain analytic cycles — so-called
Lé cycles — with certain affine subspaces. The Lé cycles are defined using the
notion of gap sheaf. In this section, we briefly recall these definitions which are
essential for the paper. We follow the presentation given by Massey in [13-15].

2.1. Gap sheaves. Let (X,0x) be a complex analytic space, W C X be an
analytic subset of X, and .# be a coherent sheaf of ideals in Ox. As usual, we
denote by V() the analytic space defined by the vanishing of .#. At each point
x € V(), we want to consider scheme-theoretically those components of V(.%)
which are not contained in W. For this purpose, we look at a minimal primary
decomposition of the stalk .#, of .# in the local ring Ox ,, and we consider the
ideal =W in Ox , consisting of the intersection of those (possibly embedded)
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primary components @ of .#, such that V(Q) ¢ W. This definition does not
depend on the choice of the minimal primary decomposition of .#,. Now, if we
perform the operation described above at the point x simultaneously at all points
of V(.#), then we obtain a coherent sheaf of ideals called a gap sheaf denoted
by .#—=W. Hereafter, we shall denote by V(.#)-W the scheme (i.e., the complex
analytic space) V(£ —W) defined by the vanishing of the gap sheaf .#-W.

2.2. Lé cycles and Lé numbers. Let n > 2. Consider an analytic function
f:(U,0) — (C,0), where U is an open neighbourhood of 0 in C”, and fix a system
of linear coordinates z = (z1,...,2,) for C". Let X f be the critical locus of f. For
0 <k <n-—1, the kth (relative) polar variety of f with respect to the coordinates

z is the scheme
of of
rk_ .= e, = |2
32 V(82k+1 ’ ’ 82n) f

of
(A% ] = {r’;;l mv(azkﬂﬂ - {F’;Z}

is called the kth Lé cycle of f with respect to the coordinates z. (We always use
brackets [-] to denote analytic cycles.) The kth Lé number )\’}72(0) of fat 0 e C?
with respect to the coordinates z is defined to be the intersection number

(2.1) /\k7z(0) = ([Ak,z] V2, .. "Zk)])o

provided that this intersection is 0-dimensional or empty at 0; otherwise, we say
that )\’;VZ(O) is undefined.! For k = 0, the relation (2.1) means

MG .(0) = ([AS.]-0), = {r},z N V(gjl)]o.

The analytic cycle

For any dimg ¥ f < k < n—1, the Lé number )\k’z(O) is always defined and equal
to zero. For this reason, we usually only consider the L.é numbers

Aimo =1 () XS (0),

and we denote this tuple by As.(0). Note that if 0 is an isolated singularity of f,
then A} _(0) (which is the only possible non-zero Lé number) is equal to the Milnor
number p7(0) of f at 0.

Now, we introduce the cycle of the critical locus (see [15, Proposition 1.15]). Let
d = dimg X f. We define

d
(2.2) [£f] =Y X5 (0)][A%]I-
=0
LAs usual, [V(z1,...,2k)] denotes the analytic cycle associated to the analytic space defined by
z1 = --- = 2z = 0. The notation ([A’; L Vi, Zk)})o stands for the intersection multiplicity

at 0 of the analytic cycles [A% ] and [V (21,...,2;)].

¥
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3. LE NUMBERS OF A DEFORMATION

Let f: (U,0) — (C,0) be an analytic function , where U is an open neighbour-
hood of 0 in C", and fix a system of linear coordinates z = (z1,..., z,) for C™.

A deformation of f is an analytic function
F: (D xU,D x {0}) — (C,0),
where D is an open neighbourhood of the origin in C, such that F(0, z) = f(z) for
any z € C". We will shortly write fi(z) := F(t,z2), (ft) := F.
Assume that d = dimg X f > 1 and the Lé numbers /\kt’Z(O) are defined for all
k < d and all ¢ sufficiently small.

Theorem 3.1. (Uniform Iomdine-Lé-Massey formula, [15, Theorem 4.15]) For
sufficiently large integer j and any sufficiently small complex number t, we have
the following properties:

(1) 2(fi +21) = Sfi NV (21) in a neighbourhood of the origin;

(2) dimoX(f 4 2]) =d —1;

(3) the Lé numbers )\’; (0) ezist for all0 <k <d—1 and

P
(3.1 XD o (0) =X)L (0) + (G~ DA (0):
(3.2) A’;t+z{72(0) =(j —DAFTLO0) for 1<k<d-1;
where Al;ﬁz{,é(o) is the kth Lé number of f; + z{ at 0 with respect to the rotated

coordinates zZ = (2, ..., 2n, 21)-

Now, we define the Lé numbers of a deformation F'. For this reason we will
prove the following.

Proposition 3.2. The numbers )\k»t)z(O), k < d are independent of small t # 0.

Proof. By Uniform Iomdine-Lé-Massey formula inductively we get that for
0« j; € -+ < jg and small ¢,

frai=fot o -2

has an isolated singularity at the origin. By upper-semicontinuity of Milnor number
we have the number u(f; 4) is constant for small ¢ # 0. By (3.1) we obtain that
the number

(3.3) A, o1 (0) = p(fravr) — p(fra)
is also constant for small ¢ # 0. Now, by (3.3) and (3.1) we get that
Ataca(0) = plfra) = Ga = DA, (0)

is also constant for small ¢ # 0. In similar way, by induction and using (3.1) and
(3.2) we finally get the assertion. O
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Definition 3.3. By the Lé numbers of a deformation (f;) we mean

A](Cft)’ ( ) )\ft z( )a k < d,
for sufficiently small ¢ # 0.

By Proposition 3.2 this definition is correct.

Like the Milnor number is upper-semicontinuous, the Lé numbers have also this
property treated as tuple (see [15]). Precisely, we have the following.

Theorem 3.4. (Upper-semicontinuity of Lé numbers, [15, Corollary 4.16]) The
tuple of Lé numbers
(Aft Z( ) )‘ft z( ))

is lexicographically upper—semzcontmuous in the t variable, i.e. for all sufficiently
small t # 0, either

/\d,z( ) > /\ft z( )

or

A72(0) =A%, .(0) and ATZ1(0) > AFTH(0)

or

or
)‘d,z( ) = )‘ft z( ) ’)‘}",Z(O) = )‘}t,z(o) and )‘(},z( ) > >‘ft z( )
In other words A(y,),.(0) < Ar .(0), where < is the lexicographical order.

4. JuMP OF LE NUMBERS

Let F' = (f;) be a deformation of f such that dimg X f; = dimg X f for sufficiently
small . By the above semicontinuity, we can consider the jump of Lé numbers of
a deformation F' in the lexicographical order.

Definition 4.1. By the jump dr .(0) of a deformation F' we mean
A7.2(0) — Ap2(0).

By the Theorem 3.4 and the fact that we can always deform f to be smooth, we
have
0 < 5Fz(0) < )\fZ(O).

Example 4.2. Let f(z,y,2) = y?> + 23. Then ¥ f = {y = 2 = 0}. It easy to check
that A\;.(0) = (2,0). Taking the followmg sequence of deformations fF = f+tax*z

we obtain Ay .(0) = (1,3k —1). This shows that dr .(0) = (1,1 — 3k) can be
arbitrary small.
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5. MAIN THEOREM

Let n > 2 and f: (U,0) — (C,0) be an analytic function , where U is an open
neighbourhood of 0 in C”.

Definition 5.1. We say that f is a line singularity if Xf is Oz; i.e.
Yf={2¢€C" 2 = -+ =2, =0} and f|y(;,) has an isolated singularity at
the origin.

Let f be a line singularity and let F' = (f;) be its deformation.

Definition 5.2. We say that (f;) is a family of line singularities (F is a line
deformation of f) if ¥ f; is z1-axis and fi[y(.,) has an isolated singularity at the
origin for each t near 0 € C .

Observe that in the Example 4.2, A% _(0) = 0. In the case A} _(0) > 0, we give
the proof of the following theorem in the class of non-degenerate line singularities
(see Appendix A). We believe that it is also true for all line singularities.

Theorem 5.3. Let f: (U,0) — (C,0) be a non-degenerate line singularity, where
U is an open neighbourhood of 0 in C™. Assume that z = (21,...,2n) be prepolar
coordinates for f i.e. fl.,—o has an isolated singularity at 0. If /\?C,Z(O) > 0, then
there exists a line deformation (f) such that )\((th)yz(O) =0 and )\(lft)’z(O) = )\}’Z(O).

Proof. Take

fi(z1, oy zn) = flz1 + 4, 20,00, 20).
Since z = (z1,...,2,) are prepolar coordinates for f, then f|.,—o has an isolated
singularity at 0. Since (ft)|.,—o is a deformation of f|.,—o, then (fi)|.,;—o has an
isolated singularity at 0. Therefore by [15, Remark 1.9] (z1,...,2,) are prepolar
coordinates for (f;) and \?., (0), )‘(lff,),z(o) exist. Since f and (f:) are the line

(ft):=z
singularities, by [10,11,15] we have

)‘}“,z(o) = p(flz1=e) = u(flzi=e+t) = p((fe)|z1=c) = )\%ft),z(o)'

We will show )\?ft)’z(O) = 0. Since f is non-degenerate (f;) is also non-degenerate.
Moreover
L((f)) = T((f)|z1=0)-

To prove it we identify the monomials of (f;) with associated points of supp(f:).
The monomials, which are vertices of I'((f;)) do not depend on variable z;. In-
deed, suppose to the contrary that a monomial 23 252 . .. 2P is a vertex of D((f;)).
Hence by the form of (f;) monomial 252 ... 25" is a point of supp(f;). Take the
hyperplane supporting 'y ((f;)) in zflzg 2...zP». Then every point of supp f; lies
on this hyperplane or above. But the point 25 ... 257 lies below it. This gives the
contradiction. Therefore by [4] we have

0 0
A= (0) = Mg, 20,2(0) = 0.

The last equality follows from the definition of Lé numbers and the fact that
((ft)lz1=0)%, = 0. This gives the assertion. O
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Remark 5.4. Roughly speaking, the deformation in the main theorem “straight-
ens” the line singularity along its critical locus.

Example 5.5. Let f(z,y,2) = y? + 2% + 2222, Then f = {y = 2 = 0}. It is easy
to check that Af.(0) = (1,5). Take the line deformation f; = f + tz%. We have
)‘(ft),Z(O) = (170). Hence 6(ft),2(0> = (0,5).

Let f be a line, non-degenerate singularity such that )\%Z(O) > 0. By Theorem
5.3 we can correctly define the minimal jump of f as follows.
Definition 5.6. By the minimal jump &y .(0) of a singularity f we mean
min{dg .(0): F is a deformation of f,dx .(0) > 0},
where the above minimum is taken in the lexicographical order.

Definition 5.7. By the minimal jump in the class of line deformation & ,Z(O) of
a singularity f we mean

min{drg .(0): F is a line deformation of f,dz .(0) > 0}.
Remark 5.8. By (2.2), whenf and (f;) are line singularities we have
[2f] = A}, (0)[Oz1] + AG.(0)[0],
[21i] = Ais,).=(0)[Oz1] + ALy, . (0)[0].
In this case one can interpret dy,) .(0) as a “nearness” of the above cycles.

Proposition 5.9. Let f be a line singularity. Then
A%,.(0) # 1.

Proof. Suppose to the contrary that )\O’Z(O) = 1. It means by definition that

(i ).~

Let [F}J] = Zle a;[Y?], where Y are irreducible components of r;.. By (5.1)

we have
Lo (- [ (3)]), -

Therefore k = 1, F})z is irreducible. Let ¢: (C,0) — (C™,0) be a parametrization

of T!. Hence
ord (ngl o <p> =1.

This implies that ord f, = 1. Hence, for some i we have
f(z1,.ochzn) =az1zi + ...

a # 0. Then f (£,0,...,0) # 0. This and the assumption X f is z;-axis gives the
contradiction. O



144 G. OLEKSIK AND A. ROZYCKI

Example 5.10. Let f(z,y,2) = y?> + 2% + 222 Then Xf = {y = 2 = 0}. It is easy
to check that Af.(0) = (1,2). Take deformations f; = f + tz?. Then Xf; = Xf
and A¢,),-(0) = (1,0). By Proposition 5.9 6?2(0) =(0,2).

Proposition 5.11. There exists a singularity f: (C*,0) — (C,0) such that
min{A} ,(0) — Aj.(0) > 0: F is a line deformation of f} > 1.

Proof. Take
f(.’L', y,z) = y4 + 2t + y222~
We check that f is a line singularity and for sufficiently small ¢ # 0 [15, Remark
1.19]
X} 2(0) = po( flo—) = 9.
Let F = (f;) be a line deformation of f. By [15, Remark 1.19] and [2, Theorem
3.1] we have

)\%ft)7z(0) = MO((ft)LE:E) S 7
This ends the proof. 0

6. ESTIMATION OF LE NUMBERS

Let f: (U,0) — (C,0) be a singularity, where U is an open neighbourhood
of 0in C". Suppose that z = (z1,...,2,) is prepolar coordinates for f and

Theorem 6.1.
Ar,=(0) = (1 (f1), (=)™ +wo(f1) + 1 (f1)),
A;2(0) > D1 (f1),

where fi = [+ 2%, « is sufficiently big and vo(f1), 1(f1) are modified Newton
numbers (see [4]). The equalities hold, if [ is non-degenerate.

Proof. Tf f is non-degenerate, then the assertion follows from [4, Theorem 4.1].
Assume now that f is degenerate. Since the non-degeneracy is open condition
(see [16, Appendix]) there exists a non-degenerate deformation (f;) of f with
the same Newton diagram. Since the modified Newton numbers depend only
on the Newton diagram, modified Newton numbers of f and (f;) are the same.
Since z = (z1,...,2,) is prepolar coordinates for f it is also prepolar for (f:).
By [15, Theorem 1.28] the Lé numbers of (f;) exist. Hence by [4, Theorem 4.1]
we have

A(r,2(0) = (1 (f1), (=)™ +wo(f1) + 71 (f1)),
Mg, (0) =P (f1)-
On the other hand, by the upper-semicontinuity of Lé numbers we get
Ar,z(0) = Ay, (0),
2%,:(0) > Aty L (0).
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Summing up, we get the assertion. O

APPENDIX A. NEWTON DIAGRAM

Here, the reference is Kouchnirenko [9].

Let z := (z1,...,2,) be a system of coordinates for C", let U be an open
neighbourhood of the origin in C™, and let

f:(U,0) = (C,0), z~ f(z)= anzo‘,

[e3%

be an analytic function, where o := (aq,...,ap) € Z7, ¢o € C, and 2z is a notation
for the monomial 2{* - - - z%n.

The Newton polyhedron T (f) of f (at the origin and with respect to the coor-
dinates z = (z1,...,2,)) is the convex hull in R"} of the set

U (@ +Rrp).

ca#0

For any v € R"} \ {0}, put

(o, T4 (f)) = min{(v,); a € T4 ()},
A, T (f)) == fa € Ty (f); (v,0) = Lo, T4 ()},

where (-,-) denotes the standard inner product in R™. A subset A C T'y(f) is
called a face of I'y(f) if there exists v € R’ \ {0} such that A = A(v,I'((f)).
The dimension of a face A of I'; (f) is the minimum of the dimensions of the affine
subspaces of R containing A. The Newton diagram (also called Newton boundary)
of f is the union of the compact faces of T'y(f). It is denoted by T'(f). We say
that f is convenient if the intersection of I'(f) with each coordinate axis of R’}
is non-empty (i.e., for any 1 < i < n, the monomial 2, a; > 1, appears in the
expression » | c,z® with a non-zero coefficient).

For any face A C T'(f), define the face function fa by

falz) == Z caz™.

aEA

We say that f is Newton non-degenerate (in short, non-degenerate) on the face A
if the equations
fa Ofa

have no common solution on (C\ {0})™. We say that f is (Newton) non-degenerate
if it is non-degenerate on every face A of T'(f).

=0
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